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Design of engineering curves (all possible aero and
hydrodynamic profiles, axes of pipe lines, frames, etc.)
is reduced to construction of curves mating points of gi
ven discrete array with meeting some set of edge condit
ions (fixed tangents, curvature circles and etc.). In its
turn, engineering surfaces (different fairings, inlets, lon
gerons, turbine blades) can be interpreted as surfaces
mating initial curves according to definite smoothness
order. At present, engineering curves are presented in
most cases in the form of constituent bypasses of the de
finite order of smoothness. In spite of the fact that in
this case a large function selection is used (exponential,
power, logarithmic functions and etc.) bypass constitu
ents are often chosen without necessary geometrical
ground. As a result, the bypass does not correspond to
its function, but the number of its constituents is over
stated. Besides, in different calculations it is important
to have the curves which are described by one equation.
Therefore the search for a basic method of obtaining
curves in the systems of CAE, which would be universal
and simple enough, is actual.
When constructing curves it is necessary to apply
nonlinear transformations. Moreover, it is desirable for
mechanism of transformation to include simple geo
metrical images, e.g. lines and circles. In this respect the
suggested quadratic transformations, for setting up of
which pencils of circles are of great interest.
Fig. 1. Setting involution by means of elliptic circle pencil
Let elliptic pencil of circles be set up on the plane by
two base points F1(0,a), F2(0,–a) (fig. 1). Then an arbi
trary point A(xA,yA) marks up in the pencil a single circle
k, the equation of which has the view:
After transformation we obtain:
The centre of the circle is point
its radius is defined by the expression
Diametrically opposite point A'(x'A,y'A) is considered to be
corresponding to point A. Thus, nonlinear transformation,
splitting into central symmetries in the circle pencils is indu
ced on the plane. It is not difficult to demonstrate that the
coordinates of point A' are determined by the expressions:
Since any point of may be chosen as a preimage point A
on the plane, the indexes of the latter expression can be omit
ted. As a result, we obtain operators of direct transformation:
Reverse transformation operators have the symmet
rical view.
The image of line m', described by the equation
Ax'+Bx'+1=0 is a curve of the second order m, the equa
tion of which has the view: Ay2—Bxy+x–Aa=0. Thus, we
obtain quadratic involution with a pencil of lightinvari
ant circles. The points F1, F2 are simple Fpoints. They
are matched by plines, the equations of which have the
view: y=a, y=–a. The limiting line q is Oy axis. Even at
the stage of setting up the preimage one can have a con
ception about form of the designed curve. Thus, for
example, multiplicity of curve points in the fundamental
Fpoints are defined by the number of preimage intersec
tion points with plines, the presence of improper points
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The way of setting up noncentral quadratic flat involutions, based on application of pencils of circles is suggested, transformation ope
rators are introduced, and the examples of rational circular curves constructed by this method are given.
is done by preimage location relative to limiting line. If
we take a circle as a preimage, its image will be a curve of
the fourth order, the equation of which has the view:
where x0, y0 are the coordinates of the circle centre, R0 is
the circle radius.
In the homogeneous form it can be presented in the
following way:
The coordinates of the cyclic points I1(1,i,0), I2(1,–i,0)
corresponds to this equation, hence, the obtained curve is
a circular curve. Moreover, the form of the curve depends
on the location of image with respect to the fundamental
points, principle curves and limiting line (fig. 2).
In the case of parabolic pencil of circles, when a=0
(fig. 3) the transformation operators have the view:
Fig. 3. Setting involution by means of parabolic pencil of circles
All homoloids in this case in the point F1≡F2≡0 are
tangent to Oy axis. Both principle рlines coincide with
Ox axis. The images of the circles having the equation
(x'–x0)2+(y'–y0)2=R 2, are the curves of the fourth order.
They are described by the equation:
or in the homogeneous form:
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Fig. 2. Different forms of curves for the elliptic circle pencil
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Fig. 5. Setting up involution by means of hyperbolic pencil of circles
Possible forms of the curves depending on the loca
tion of the circlepreimage with regard to elements of
fundamental and principle systems as well as to Oy axis
being a limiting line are presented in fig. 4.
Let us consider the transformations induced by hy
perbolic pencil of circles (fig. 5).
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Fig. 4. Different forms of curves for parabolic pencil of circles
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Such pencil is suitable to be set up by zero circle
N(m,0) and a radical axis, for which the axis Oy is set.
Solving the set of equations
we obtain the coordinates of imaginary base points
U(0,mi), V(0,–mi). The point A(xA,yA) distinguishes the
circle k from the pencil described by the equation:
The point A'(x'A,y'A), diametrically opposite to the po
int A, let us consider the image of the point A in nonline
ar involution, induced on the plane. Using the transfor
mation operators for the elliptical pencil at a=mi, we
obtain the transformation operators for the case involved:
The preimage of circle with the equation
(x'–x0)2+(y'–y0)2=R 2 is the curve of the fourth order:
In homogeneous form the equation has the view:
This is a rational circular curve, different forms of
which are presented in fig. 6.
The suggested method makes possible to design cur
ves in the wide range of form and parameter transforma
tion. Even at the stage of preimage one can have an idea
of the form of constructed curve. Thus, for example,
multiplicity of the curve points in the fundamental F
points is determined by the number of cross points of
the preimage with plines, the presence of improper po
ints is done by location of preimage with regard to limi
ting line. For designed curve to be closed it is necessary
for the circlepreimage not to cross the limiting line.
To apply this method to practice of real designing
the program which permits us to construct curves mee
ting the specified requirements has been developed in
Turbo Pascal algorithmic language.
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Fig. 6. Different forms of curves for the parabolic pencil of circles
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